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ON COMPATIBLE LINEAR CONNECTIONS OF TWO-DIMENSIONAL
GENERALIZED BERWALD MANIFOLDS
CS. VINCZE, T. KHOSHDANI, S. MEHDI ZADEH AND M. OLA´H
Abstract. In the paper we present results about generalized Berwald surfaces involving the
intrinsic characterization, some topological obstructions for the base manifold and examples.
In memoriam to V. Wagner on the 75th anniversary of publishing his pioneering work about generalized
Berwald manifolds.
Introduction
The concept of generalized Berwald manifolds goes back to V. Wagner [22]. They are Finsler
manifolds admitting linear connections such that the parallel transports preserve the Finslerian
length of tangent vectors (compatibility condition). To express the compatible linear connection
in terms of the canonical data of the Finsler manifold is the problem of the intrinsic charac-
terization we are going to solve in case of two-dimensional generalized Berwald manifolds. The
result is formulated in terms of linear inhomogeneous differential equations for the main scalar
along the indicatrix curve (Subsection 2.1). As an application we prove that if a Landsberg
surface is a generalized Berwald manifold then it must be a Berwald manifold (Subsection 2.2).
Especially, we reproduce Wagner’s original result in terms of the conventional setting of Finsler
surfaces (Subsection 2.3) in honor of the 75th anniversary of publishing his pioneering work
about generalized Berwald manifolds.
The technic of averaging is an alternative way to solve the problem of the characterization of
compatible linear connections. By the fundamental result of the theory [15] such a linear con-
nection must be metrical with respect to the averaged Riemannian metric given by integration
of the Riemann-Finsler metric on the indicatrix hypersurfaces. Therefore the linear connection
is uniquely determined by its torsion tensor. The torsion tensor has a special decomposition in
2D because of
(1) T (X, Y ) =
(
X1Y 2 −X2Y 1)
(
T 112
∂
∂u1
+ T 212
∂
∂u2
)
= ρ(X)Y − ρ(Y )X,
where ρ1 = T
2
12 and ρ2 = −T 112 = T 121. In higher dimensional spaces such a linear connection is
called semi-symmetric. Using some previous results [16], [18], [19] and [20], the torsion tensor
of a semi-symmetric compatible linear connection can be expressed in terms of metrics and
differential forms given by averaging independently of the dimension of the space. Especially
the compatible linear connection must be of zero curvature in 2D unless the manifold is Rie-
mannian, see [21]. Therefore we can conclude some topological obstructions as well due to the
divergence representation of the Gauss curvature (Subsection 3.1). We prove, for example, that
any compact generalized Berwald surface without boundary must have zero Euler characteristic.
Therefore the Euclidean sphere does not carry such a geometric structure. Using the theory of
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closed Wagner manifolds, this means that the local conformal flatness of the Riemannian sur-
faces fails for (non-Riemannian) Finslerian ones (Subsection 3.2). We present some examples of
non-Riemannian two-dimesnional generalized Berwald manifolds as well (Subsection 3.3).
1. Notations and terminology
Let M be a differentiable manifold with local coordinates u1, . . . , un. The induced coordinate
system of the tangent manifold TM consists of the functions x1, . . . , xn and y1, . . . , yn. For any
v ∈ TpM , xi(v) = ui(p) and yi(v) = v(ui), where i = 1, . . . , n and pi : TM →M is the canonical
projection.
1.1. Finsler metrics. A Finsler metric is a continuous function F : TM → R satisfying the
following conditions:
(F1) F is smooth on the complement of the zero section (regularity),
(F2) F (tv) = tF (v) for all t > 0 (positive homogenity),
(F3) the Hessian gij =
∂2E
∂yi∂yj
, where E = 1
2
F 2 is positive definite at all nonzero elements
v ∈ TpM (strong convexity).
The so-called Riemann-Finsler metric g is constituted by the components gij. It is defined on
the complement of the zero section. The Riemann-Finsler metric makes each tangent space (ex-
cept at the origin) a Riemannian manifold with standard canonical objects such as the volume
form dµ =
√
det gij dy
1 ∧ . . . ∧ dyn, the Liouville vector field C := y1∂/∂y1 + . . .+ yn∂/∂yn to-
gether with its normalized dual form li = ∂F/∂y
i with respect to the Riemann-Finsler metric
and the induced volume form
µ =
√
det gij
n∑
i=1
(−1)i−1y
i
F
dy1 ∧ . . . ∧ dyi−1 ∧ dyi+1 . . . ∧ dyn
on the indicatrix hypersurface ∂Kp := F
−1(1) ∩ TpM (p ∈M). In what follows we summarize
some basic notations. As a general reference of Finsler geometry see [3] and [8]: gij = (gij)
−1
denotes the inverse of the coefficient matrix of the Riemann-Finsler metric, the (lowered) first
Cartan tensor is given by Cijk =
1
2
∂gij/∂y
k and Clij = glkCijk. The first Cartan tensor is totally
symmetric and ykCijk = 0. Its semibasic trace is given by the quantities Ci = gjkCijk (i, j, k =
1, . . . , n). Differentiating det gij as a composite function we have that
∂ det grs
∂yi
=
∂D
∂mjk
(M)
∂gjk
∂yi
= (−1)j+k det (M without its jth row and kth column) ∂gjk
∂yi
=
= (det grs)g
jk∂gjk
∂yi
, where M := gij .
Therefore
(2)
∂ ln
√
det grs
∂yi
=
1
2
gjk
∂gjk
∂yi
= gjkCijk = Ci.
The geodesic spray coefficients and the horizontal sections are
Gl =
1
2
glm
(
yk
∂2E
∂ym∂xk
− ∂E
∂xm
)
and Xhi =
∂
∂xi
−Gli
∂
∂yl
, where Gli =
∂Gl
∂yi
.
The second Cartan tensor (Landsberg tensor) and the mixed curvature are given by
P lij =
1
2
glm
(
Xhi (gjm)−Gkijgkm −Gkimgjk
)
, where Glij =
∂Gli
∂yj
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and P lijk = −Glijk, where Glijk =
∂Glij
∂yk
.
Lemma 1.
(3) P lij = −
F
2
lmg
klPmijk
Proof. Since
F lm =
∂E
∂ym
,
∂E
∂ym
Gm =
1
2
yk
∂E
∂xk
, gmiG
m =
1
2
(
yk
∂2E
∂yi∂xk
− ∂E
∂xi
)
and
∂
∂yi
(
∂E
∂ym
Gm
)
− gmiGm = ∂E
∂xi
we have
−F lmPmijk =
∂E
∂ym
Gmijk =
∂
∂yk
(
∂E
∂ym
Gmij
)
− gmkGmij =
∂
∂yk
(
∂
∂yj
(
∂E
∂ym
Gmi
)
− gmjGmi
)
− gmkGmij =
∂
∂yk
(
∂
∂yj
(
∂
∂yi
(
∂E
∂ym
Gm
)
− gmiGm
)
− gmjGmi
)
− gmkGmij =
∂
∂yk
(
∂
∂yj
(
∂E
∂xi
)
− gmjGmi
)
− gmkGmij =
∂
∂xi
gjk − 2CjmkGmi − gmjGmik − gmkGmij =
2Pijk = 2gklP
l
ij ⇒ P lij = −
F
2
lmg
klPmijk
as was to be proved. 
1.2. Generalized Berwald manifolds.
Definition 1. A linear connection ∇ on the base manifold M is called compatible to the
Finslerian metric if the parallel transports with respect to ∇ preserve the Finslerian length of
tangent vectors. Finsler manifolds admitting compatible linear connections are called generalized
Berwald manifolds.
Corollary 1. A linear connection ∇ on the base manifold M is compatible to the Finsle-
rian metric function if and only if the induced horizontal distribution is conservative, i.e. the
derivatives of the fundamental function F vanish along the horizontal directions with respect to
∇.
Proof. Suppose that the parallel transports with respect to ∇ (a linear connection on the
base manifold) preserve the Finslerian length of tangent vectors and let Xt be a parallel vector
field along the curve c : [0, 1]→M :
(4) (xk ◦Xt)′ = ck′ and (yk ◦Xt)′ = Xkt ′ = −ci′Xjt Γkij ◦ c
because of the differential equation for parallel vector fields. If F is the Finslerian fundamental
function then
(5) (F ◦Xt)′ = (xk ◦Xt)′ ∂F
∂xk
◦Xt + (yk ◦Xt)′ ∂F
∂yk
◦Xt
and, by formula (4),
(6) (F ◦Xt)′ = ci′
(
∂F
∂xi
− yjΓkij ◦ pi
∂F
∂yk
)
◦Xt.
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This means that the parallel transports with respect to ∇ preserve the Finslerian length of
tangent vectors (compatibility condition) if and only if
(7)
∂F
∂xi
− yjΓkij ◦ pi
∂F
∂yk
= 0 (i = 1, . . . , n),
where the vector fields of type
(8)
∂
∂xi
− yjΓkij ◦ pi
∂
∂yk
span the associated horizontal distribution belonging to ∇. 
Theorem 1. [15] If a linear connection on the base manifold is compatible with the Finslerian
metric function then it must be metrical with respect to the averaged Riemannian metric
(9) γp(v, w) :=
∫
∂Kp
g(v, w)µ = viwj
∫
∂Kp
gij µ (v, w ∈ TpM, p ∈ U).
1.3. Finsler surfaces. In case of Finsler surfaces it is typical to introduce the vector field
V :=
∂F
∂y1
∂
∂y2
− ∂F
∂y2
∂
∂y1
.
It is tangential to the indicatrix curve because of V F = 0. Since three vertical vector fields
must be linearly dependent in 2D,
0 = det


g
(
∂
∂y1
, ∂
∂y1
)
g
(
∂
∂y1
, ∂
∂y2
)
g
(
∂
∂y1
, C
)
g
(
∂
∂y2
, ∂
∂y1
)
g
(
∂
∂y2
, ∂
∂y2
)
g
(
∂
∂y2
, C
)
g
(
C, ∂
∂y1
)
g
(
C, ∂
∂y2
)
g (C,C)


= det


g11 g12 ∂E/∂y
1
g12 g22 ∂E/∂y
2
∂E/∂y1 ∂E/∂y2 2E


=
F 2 det gij + 2g12
∂E
∂y1
∂E
∂y2
−
(
∂E
∂y1
)2
g22 −
(
∂E
∂y2
)2
g11 = F
2 (det gij − g(V, V )) .
This means that 0 6= det gij = g(V, V ) and, consequently,
V0 :=
1√
g(V, V )
V, C0 :=
1
F
C, V h0 := V
i
0X
h
i = V
i
0
(
∂
∂xi
−Gli
∂
∂yl
)
, S0 :=
1
F
S =
yi
F
Xhi
form a local frame on the complement of the zero section in pi−1(U). Such a collection of vector
fields is called a Berwald frame on the tangent manifold.
Definition 2. The main scalar of a Finsler surface is defined as λ := V j0 V
k
0 V
l
0Cjkl, where
V0 = V/
√
g(V, V ) is the unit tangential vector field to the indicatrix curve.
The vanishing of the main scalar implies that the surface is Riemannian and vice versa. The
zero homogeneous version I := Fλ of the main scalar is also frequently used in the literature [4],
[5], [6] and [8]. Consider the vector field Ckij∂/∂yk. Since it is also tangential to the indicatrix
surface it follows that
Ckij
∂
∂yk
= Clijg
(
V0,
∂
∂yl
)
V0,
where V0 = V/
√
g(V, V ) is the unit tangential vector field to the indicatrix curve. Therefore
Ckij = ClijglmV m0 V k0 = V m0 CijmV k0 ⇒ Cijr = V m0 CijmV k0 gkr.
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Contracting by grj
(10) Ci = V j0 V m0 Cijm.
By formulas (2) and (10) we have that
(11) λ := V j0 V
k
0 V
l
0Cjkl = V j0 Cj = V0
(
ln
√
det grs.
)
In what follows we summarize some of the general formulas to express the surviving components
of the Landsberg tensor, the mixed curvature tensor and the pairwise Lie-brackets of a Berwald
frame (Cartan’s permutation formulas) [12]:
(12) yiV j0 V
k
0 Pijk = y
iV j0 V
k
0 G
l
ijkg
(
V0,
∂
∂yl
)
= 0,
V i0V
j
0 V
k
0 Pijk = −S(λ), V i0V j0 V k0 Glijkg
(
V0,
∂
∂yl
)
= V h0 (λ) + V0(Sλ)
because of the homogenity properties; see [12, Corollary 1.8.] and [12, Formula (24a)]. E.
Cartan’s permutation formulas are
(13) [V0, V
h
0 ] = −
1
F
S0 − λV h0 − S(λ)V0, [S0, V0] = −
1
F
V h0 , [V
h
0 , S0] = −κV0,
where κ is the only surviving coefficient of the curvature of the horizontal distribution [12,
Theorem 1.10]. Let the indicatrix curve in TpM be parameterized as the integral curve of V0:
V0 ◦ cp(θ) = c′p(θ) ⇒ λ ◦ cp(θ) =
(
ln
√
det grs ◦ cp
)
′
(θ).
It is called the central affine arcwise parametrization of the indicatrix curve. The parameter θ
is ”the central affine length of the arc of the indicatrix” and the main scalar can be interpreted
as its ”central affine curvature”; for the citations see [22].
2. Two-dimensional generalized Berwald manifolds
Let ∇ be a linear connection on the base manifoldM and suppose that the parallel transports
preserve the Finslerian length of tangent vectors (compatibility condition). By Corollary 1,
∂E
∂xi
− ymΓlim ◦ pi
∂E
∂yl
= 0 (i = 1, 2).
2.1. The comparison of ∇ with the canonical horizontal distribution of the Finsler
manifold. Using the canonical horizontal sections we can write that
ymΓlim ◦ pi
∂E
∂yl
−Gli
∂E
∂yl
= 0.
Since the vertical vector fields are the linear combinations of V and C, it follows that
ymΓlim ◦ pi
∂
∂yl
−Gli
∂
∂yl
= fiV + giC (i = 1, 2);
the coefficients f1, f2 are positively homogeneous of degree one, g1 and g2 are positively ho-
mogeneous of degree zero. Since V E = 0 but CE = 2E, we have that g1 = g2 = 0 and,
consequently
(14) ymΓlim ◦ pi
∂
∂yl
−Gli
∂
∂yl
= fiV ⇒ ymΓkim ◦ pi
∂
∂yk
= Gki
∂
∂yk
+ fiV (i = 1, 2).
To provide the linearity of the right hand side we should take the Lie brackets with the vertical
coordinate vector fields two times:
0 =
[[
ymΓlim ◦ pi
∂
∂yl
,
∂
∂yj
]
,
∂
∂yk
]
=
[[
Gli
∂
∂yl
,
∂
∂yj
]
,
∂
∂yk
]
+
[[
fiV,
∂
∂yj
]
,
∂
∂yk
]
=
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Glijk
∂
∂yl
+ fi
[[
V,
∂
∂yj
]
,
∂
∂yk
]
− ∂fi
∂yj
[
V,
∂
∂yk
]
− ∂fi
∂yk
[
V,
∂
∂yj
]
+
∂2fi
∂yj∂yk
V =: Wijk,
where[
V,
∂
∂yj
]
=
∂2F
∂yj∂y2
∂
∂y1
− ∂
2F
∂yj∂y1
∂
∂y2
,
[[
V,
∂
∂yj
]
,
∂
∂yk
]
= − ∂
3F
∂yj∂yk∂y2
∂
∂y1
+
∂3F
∂yj∂yk∂y1
∂
∂y2
.
Since yjWijk = y
kWijk = 0 it is enough to investigate the quantity Wi = V
jV kWijk. By some
direct computations
V j
∂2F
∂yj∂y2
= V
(
∂F
∂y2
)
=
1
F
V
(
F
∂F
∂y2
)
=
1
F
g
(
V,
∂
∂y2
)
because of V F = 0. On the other hand
V jV k
∂3F
∂yj∂yk∂y2
=
1
F
V kV
(
F
∂2F
∂yk∂y2
)
=
1
F
V kV
(
gk2 − ∂F
∂yk
∂F
∂y2
)
=
1
F
(
2V jV kCjk2 − V kV
(
∂F
∂yk
)
∂F
∂y2
)
=
1
F
(
2V jV kCjk2 − 1
F
V kV
(
F
∂F
∂yk
)
∂F
∂y2
)
=
1
F
(
2V jV kCjk2 − 1
F
g(V, V )
∂F
∂y2
)
and, consequently,
Wi = V
jV kGlijk
∂
∂yl
− 2V (fi)
F
(
g
(
V,
∂
∂y2
)
∂
∂y1
− g
(
V,
∂
∂y1
)
∂
∂y2
)
−
(15)
fi
F
((
2V jV kCjk2 − 1
F
g(V, V )
∂F
∂y2
)
∂
∂y1
−
(
2V jV kCjk1 − 1
F
g(V, V )
∂F
∂y1
)
∂
∂y2
)
+
V jV k
∂2fi
∂yj∂yk
V.
The vanishing of Wi is equivalent to
(16) g(Wi, V0) = 0 and g(Wi, C0) = 0 (i = 1, 2),
where V0 = V/
√
g(V, V ) and C0 = C/F are the normalized vector fields of the vertical Berwald
frame.
2.1.1. The vanishing of the orthogonal term to the indicatrix. It follows that
0 = g(Wi, C) = WiE = FV
jV kGlijk
∂F
∂yl
− 2V (fi)g(V, V )− 2fiV jV kV lCjkl.
Therefore
(17)
αi√
g(V, V )
= λfi + (V0fi) (i = 1, 2),
where V0 = V/
√
g(V, V ) is the unit tangential vector field to the indicatrix curve, λ is the main
scalar and
αi =
1
2
FV j0 V
k
0 G
l
ijk
∂F
∂yl
(3)
= V j0 V
k
0 Pijk.
Using that det gij = g(V, V ), formula (11) says that
(18) αi = V0
(
fi
√
g(V, V )
)
(i = 1, 2).
Let the indicatrix curve cp in TpM be parameterized as the integral curve of V0. Evaluating
along cp we have
(19) αi ◦ cp(θ) =
(
fi ◦ cp
√
g(V, V ) ◦ cp
)
′
(θ) (i = 1, 2)
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for any p ∈ U . Therefore
(20) βi ◦ cp(t) = fi ◦ cp(t)
√
g(V, V ) ◦ cp(t)− fi ◦ cp(0)
√
g(V, V ) ◦ cp(0),
where βi : pi
−1(U)→ R (i = 1, 2) are the 1-homogeneous extensions of the functions defined by
(21) βi ◦ cp(t) =
∫ t
0
αi ◦ cp(θ) dθ (i = 1, 2)
along the central affine arcwise parametrization of the indicatrix curve. We can write that
(22) fi ◦ cp(t) = 1√
g(V, V ) ◦ cp(t)
(βi ◦ cp(t) + ki(p)) (i = 1, 2)
for some constants ki(p) (i = 1, 2) depending only on the position.
2.1.2. The vanishing of the tangential term to the indicatrix. It follows that
0 = g(Wi, V ) = V
jV kGlijkg
(
V,
∂
∂yl
)
− 2fi
F
(
V jV kCjk2g
(
V,
∂
∂y1
)
− V jV kCjk1g
(
V,
∂
∂y2
))
+
fi
F 2
g(V, V )
(
∂F
∂y2
g
(
V,
∂
∂y1
)
− ∂F
∂y1
g
(
V,
∂
∂y2
))
+ V jV k
∂2fi
∂yj∂yk
g(V, V ) = V jV kGlijkg
(
V,
∂
∂yl
)
+V jV k
∂2fi
∂yj∂yk
g(V, V )− fi
F 2
g2(V, V )− 2fi
F
(
V jV kCjk2g
(
V,
∂
∂y1
)
− V jV kCjk1g
(
V,
∂
∂y2
))
,
where
V jV kCjk2g
(
V,
∂
∂y1
)
− V jV kCjk1g
(
V,
∂
∂y2
)
= 0
because the vector field
Z := g
(
V,
∂
∂y1
)
∂
∂y2
− g
(
V,
∂
∂y2
)
∂
∂y1
is parallel to C, i.e. g(V, Z) = 0. Therefore
0 = V jV kGlijkg
(
V,
∂
∂yl
)
+ V jV k
∂2fi
∂yj∂yk
g(V, V )− fi
F 2
g2(V, V )
and, consequently,
(23) 0 = V j0 V
k
0 G
l
ijkg
(
V0,
∂
∂yl
)
+ V j0 V
k
0
∂2fi
∂yj∂yk
√
g(V, V )− fi
F 2
√
g(V, V ).
Lemma 2. If g is a positively homogeneous function of degree k, then
(24) V0(V
k
0 )
∂g
∂yk
= −λV0(g)− k g
F 2
.
Especially,
(25) V j0 V
k
0
∂2fi
∂yj∂yk
= V0(V0fi) + λV0(fi) +
fi
F 2
.
Proof. Let cp be the parametrization of the indicatrix curve in TpM as the integral curve of
V0, i.e. V0 ◦ cp = c′p. Differentiating equation
1 = gcp(V0 ◦ cp, V0 ◦ cp) = gij ◦ cp(cip)′(cjp)′(26)
we have that 0 = 2gij ◦ cp(cip)′′(cjp)′ + 2Cijk ◦ cp(cip)′(cjp)′(ckp)′ and, consequently,
(27) gcp(V0 ◦ cp, c′′p) = gcp(c′p, c′′p) = −Cijk ◦ cp(cip)′(cjp)′(ckp)′ = −
(
V i0V
j
0 V
k
0 Cijk
) ◦ cp = −λ ◦ cp.
Differentiating equation
0 = gcp(C ◦ cp, V0 ◦ cp) = gij ◦ cp(cip)(cjp)′(28)
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we have that
(29) 0 = 2Cijk ◦ cp(cip)(cjp)′(ckp)′ + gij ◦ cp(cip)′(cjp)′ + gij ◦ cp(cp)i(cjp)′′.
Taking into account that Cijk ◦ cp(cip)(cjp)′(ckp)′ = Cijk ◦ cp(yi ◦ cp)(cjp)′(ckp)′ = 0,
gij ◦ cp(cip)′(cjp)′ = gcp(c′p, c′p) = 1 and gij ◦ cp(cp)i(cjp)′′ = gcp(C ◦ cp, c
′′
p),
it follows that
(30) gcp(C0 ◦ cp, c
′′
p) = −
1
F ◦ cp ,
where C0 := C/F is the normalized Liouville vector field. From (27) and (30)
(31) c
′′
p = −(λV0) ◦ cp −
1
F ◦ cpC0 ◦ cp.
This means that (
V0(V
k
0 )
∂g
∂yk
)
◦ cp = (V k0 ◦ cp)′
∂g
∂yk
◦ cp = (ckp)′′
∂g
∂yk
◦ cp (31)=
−
(
(λV k0 ) ◦ cp +
1
F ◦ cpC
k
0 ◦ cp
)
∂g
∂yk
◦ cp = −(λV0g) ◦ cp − 1
F 2 ◦ cp (Cg) ◦ cp,
where Cg = kg because of the homogenity. Note that the terms V0(V
k
0 )∂g/∂y
k, λV k0 g and g/F
2
are of the same degree of homogenity, i.e. they are homogeneous of degree k− 2. Therefore the
equality along the indicatrix curve implies (24). Especially,
V0(V0fi) = V
j
0 V
k
0
∂2fi
∂yj∂yk
+ V0(V
k
0 )
∂fi
∂yk
= V j0 V
k
0
∂2fi
∂yj∂yk
− λV0(fi)− fi
F 2
as was to be proved. 
Using Lemma 2 we can write formula (23) into the form
(32) 0 = ωi + (V0(V0fi))
√
g(V, V ) + λV0(fi)
√
g(V, V ),
where
ωi = V
j
0 V
k
0 G
l
ijkg
(
V0,
∂
∂yl
)
(i = 1, 2).
By formula (11)
(33) 0 = ωi + (V0(V0fi))
√
g(V, V ) + V0(fi)V0
(√
g(V, V )
)
(i = 1, 2)
because of det gij = g(V, V ). Therefore
(34) 0 = ωi + V0
(
(V0fi)
√
g(V, V )
)
,
(35) 0 = ωi + V0
(
V0
(
fi
√
g(V, V )
)
− fiV0
(√
g(V, V )
))
,
(36) 0 = ωi + V0
(
V0
(
fi
√
g(V, V )
)
− λfi
√
g(V, V )
)
,
(37) 0 = ωi + V0
(
V0
(
fi
√
g(V, V )
))
− V0(λ)fi
√
g(V, V )− λV0
(
fi
√
g(V, V )
)
(i = 1, 2).
By formula (18)
(38) 0 = ωi + V0 (αi)− V0(λ)fi
√
g(V, V )− λαi (i = 1, 2).
Evaluating formula (38) along cp
(39) ωi ◦ cp(t) + (αi ◦ cp)′(t) = (βi ◦ cp(t) + ki(p)) (λ ◦ cp)′(t) + λ ◦ cp(t)αi ◦ cp(t) (i = 1, 2)
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because of (21) and (22). The constants k1(p) and k2(p) of integration can be expressed by (39)
provided that λ ◦ cp is not a constant function:
ki(p) =
γi ◦ cp(s)− βi ◦ cp(s)λ ◦ cp(s) + αi ◦ cp(s)− αi ◦ cp(0)
λ ◦ cp(s)− λ ◦ cp(0) ,
where
γi ◦ cp(s) =
∫ s
0
ωi ◦ cp(t) dt (i = 1, 2)
and the parameter s ∈ R is choosen such that λ ◦ cp(s)− λ ◦ cp(0) 6= 0. Otherwise the function
λ ◦ cp is constant. Since det gij attains its extremals along the indicatrix curve, formula (11)
shows that λ ◦ cp is identically zero and the indicatrix is a quadratic curve in TpM . The quadratic
indicatrix curve of a (connected) generalized Berwald manifold at a single point implies that
the indicatrices are quadratic curves at any point and we have a Riemannian surface. Indeed,
the parallel transports induced by the compatible linear connection take a quadratic curve into
quadratic curves1.
Theorem 2. The compatible linear connection of a non-Riemannian connected generalized
Berwald surface must be of the form
(40) Γ1ij ◦ pi = G1ij −
∂fi
∂yj
∂F
∂y2
− fi ∂
2F
∂yj∂y2
, Γ2ij ◦ pi = G2ij +
∂fi
∂yj
∂F
∂y1
+ fi
∂2F
∂yj∂y1
(i, j = 1, 2),
where the functions f1, f2 are given by
(41) fi ◦ cp(t) = 1√
g(V, V ) ◦ cp(t)
(∫ t
0
αi ◦ cp(θ) dθ + ki(p)
)
(i = 1, 2)
and the integration constants satisfy equations
(42) ωi◦cp(t)+(αi◦cp)′(t) =
(∫ t
0
αi ◦ cp(θ) dθ + ki(p)
)
(λ◦cp)′(t)+λ◦cp(t)αi◦cp(t) (i = 1, 2)
for any p ∈M .
Proof. Equations for the functions f1 and f2 imply that g(Wi, C) = 0 because of subsection
2.1.1. Equations for the integration constants imply that g(Wi, V0) = 0 because of subsection
2.1.2. Therefore Wi = 0 and we have a generalized Berwald surface. The explicite formulas for
the coefficients of the linear connection preserving the Finslerian length of tangent vectors are
(43) Γ1ij ◦ pi = G1ij +
∂fi
∂yj
V 1 − fi ∂
2F
∂yj∂y2
, Γ2ij ◦ pi = G2ij +
∂fi
∂yj
V 2 + fi
∂2F
∂yj∂y1
(i, j = 1, 2),
because of formula (14). 
Corollary 2. The compatible linear connection of a generalized Berwalds surface is uniquely
determined.
2.2. An application: Landsberg and generalized Berwald surfaces.
Definition 3. A Finsler manifold is called a Landsberg manifold if the Landsberg tensor of the
canonical horizontal distribution vanishes. The Berwald manifolds are defined by the vanishing
of the mixed curvature tensor of the canonical horizontal distribution.
Formula (3) implies that any Berwald manifold is a Landsberg manifold. The converse of this
statement is the famous Unicorn problem in Finsler geometry [2].
Theorem 3. A connected non-Riemannian two-dimensional generalized Berwald surface is a
Landsberg surface if and only if it is a Berwald surface.
1Non-Riemannian Finsler surfaces with main scalar depending only on the position must be singular; see
Berwald’s original list [4, Formulas 118 I-III], see also [5] and [11].
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Proof. Suppose that we have a connected non-Riemannian two-dimensional generalized
Berwald manifold such that the Landsberg tensor vanishes, i.e. αi = 0 (i = 1, 2). Then
(22) implies that
(44) fi
√
g(V, V ) = ki(p)F
for any point p ∈M . On the other hand
(45) ωi − V0(λ)fi
√
g(V, V ) = 0
due to (38). Contracting by yi
V0(λ)y
iki(p) = 0.(46)
If there exists a point p ∈ M such that k21(p) + k22(p) 6= 0. then y1k1(p) + y2k2(p) = 0 is an
equation of a line in TpM . Therefore, there are at most two positions along ∂Kp such that
v1k1(p) + v
2k2(p) = 0. Otherwise V0(v)λ = 0 because of (46). A continuity argument says that
V0(v)λ = 0 for any v ∈ TpM , i.e. λ is constant along cp. Since det gij attains its extremals along
the indicatrix curve, formula (11) shows that λ ◦ cp = 0. This means that the indicatrix is a
quadratic curve in TpM . The quadratic indicatrix curve of a (connected) generalized Berwald
manifold at a single point implies that the indicatrices are quadratic curves at any point due to
the compatible linear connection and the induced linear mapping between the tangent spaces.
This is a contradiction because the generalized Berwald surface is non-Riemannian. Otherwise
k1(p) = k2(p) = 0 for any p ∈ M , i.e. fi = 0 (i = 1, 2) and the compatible linear connection
must be the canonical one. Therefore we have a Berwald manifold. 
2.3. Wagner’s equations. To present Wagner’s equations in [22] we need the following simple
observation:
Hi = 0 (i = 1, 2) if and only if y
iHi = 0 and V
i
0Hi = 0
because of
det
(
y1 y2
V 10 V
2
0
)
= y1V 20 − y2V 10 =
F√
g(V, V )
6= 0.
Contracting (38) by yi
0 = yiV0 (αi)− V0(λ)yifi
√
g(V, V ),
where yiV0(αi) = V0(y
iαi)− V i0αi
(12)
= S(λ) and, consequently,
(47) S(λ) = V0(λ)y
ifi
√
g(V, V ).
Contracting (38) by V i0
0
(12)
= V h0 λ+ V0(Sλ) + V
i
0V0 (αi)− V0(λ)V i0 fi
√
g(V, V ) + λS(λ),
where
V i0V0 (αi) = V0
(
V i0αi
)− V0(V i0 )αi (12)= −V0(Sλ)− V0(V i0 )αi.
Since V0(V
i
0 ) ◦ cp =
(
cip
)
′′
it follows, by formula (31), that
(48) V0(V
i
0 ) = −λV i0 −
yi
F 2
due to the −1-homogeneous extension. Therefore
V i0V0 (αi) = −V0(Sλ)− V0(V i0 )αi
(12),(48)
= −V0(Sλ)− λS(λ).
Finally we have
(49) V h0 (λ) = V0(λ)V
i
0 fi
√
g(V, V ).
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Differentiating (47) along the indicatrix curve
V0 (Sλ) = [V0, S](λ) + S (V0λ)
(13)
= V h0 (λ) + S (V0λ) ,
V0
(
V0(λ)y
ifi
√
g(V, V )
)
(18)
= V0 (V0λ) y
ifi
√
g(V, V ) + V0(λ)V
i
0 fi
√
g(V, V ) + V0(λ)y
iαi
(12)
=
V0 (V0λ) y
ifi
√
g(V, V ) + V0(λ)V
i
0 fi
√
g(V, V )
and, consequently,
V0(λ)V
h
0 (λ) + V0(λ)S (V0λ) = V0 (V0λ)V0(λ)y
ifi
√
g(V, V ) + V0(λ)V0(λ)V
i
0 fi
√
g(V, V )
(47),(49)
=
V0 (V0λ)S(λ) + V0(λ)V
h
0 (λ),
i.e.
(50) V0(λ)S (V0λ) = V0 (V0λ)S(λ).
In a similar way, differentiating (49) along the indicatrix curve
V0
(
V h0 λ
)
= [V0, V
h
0 ]λ+ V
h
0 (V0λ)
(13)
= − 1
F
S0(λ)− λV h0 (λ)− S(λ)V0(λ) + V h0 (V0λ) ,
V0
(
V0(λ)V
i
0 fi
√
g(V, V )
)
(18)
= V0 (V0λ)V
i
0 fi
√
g(V, V )+V0(λ)V0
(
V i0
)
fi
√
g(V, V )+V0(λ)V
i
0αi
(12),(48)
=
V0 (V0λ) V
i
0fi
√
g(V, V )− λV0(λ)V i0fi
√
g(V, V )− V0(λ) y
i
F 2
fi
√
g(V, V )− V0(λ)S(λ)
and, consequently,
−V0(λ)
(
1
F
S0(λ) + λV
h
0 (λ) + S(λ)V0(λ)− V h0 (V0λ)
)
=
V0 (V0λ)V0(λ)V
i
0 fi
√
g(V, V )− λV0(λ)V0(λ)V i0 fi
√
g(V, V )− V0(λ)V0(λ) y
i
F 2
fi
√
g(V, V )−
V0(λ)V0(λ)S(λ)
(47),(49)
= V0 (V0λ) V
h
0 (λ)− λV0(λ)V h0 (λ)−
1
F
V0(λ)S0(λ)− V0(λ)V0(λ)S(λ),
i.e.
(51) V0(λ)V
h
0 (V0λ) = V0 (V0λ)V
h
0 (λ).
Since S and V h0 span the horizontal subspaces we can write, by (50) and (51), that
(52) V0(λ)X
h
i (V0λ) = V0 (V0λ)X
h
i (λ) (i = 1, 2).
Equations (52) are called Wagner’s equations [22, Formula 18].
Wagner’s notations [22]
the evaluation of the main scalar the canonical horizontal
along the central affine arcwise
∂A
∂θ
= (λ ◦ cp)′ = V0(λ) ◦ cp sections:
parametrization: A = λ ◦ cp ∇β = Xhβ , β = 1, 2
Consider the indicatrix bundle IM := F−1(1). Wagner’s equations imply that
(53) V0(λ)d (V0λ) = V0 (V0λ) dλ
holds on the manifold IM because V0(λ)V0 (V0λ) = V0 (V0λ)V0(λ) is automathic; note that
V0(F ) = X
h
i (F ) = 0 (i = 1, 2),
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i.e. V0, X
h
1 and X
h
2 form a local frame of the indicatrix bundle. Suppose that F (v) = 1
and V0(v)λ 6= 0. Equation (53) implies that d (V0λ) is the proportional of dλ around v and,
consequently,
d(V0λ) ∧ dλ = 0 ⇔ d ((V0λ)dλ) = 0.
This means that there is a (local) solution µ such that
(54) (V0λ)dλ = dµ.
Taking a coordinate system ϕ = (z1, z2, λ) of the indicatrix bundle around v, formula (54) says
that ∂µ/∂z1 = ∂µ/∂z2 = 0. This means that µ depends only on λ. If the function f is defined
by f(λ) := µ′(λ), where µ is the local solution of (54), then V0(λ) = f(λ) as Wagner’s theorem
states.
2.3.1. Wagner’s theorem. [22] A necessary and sufficient condition that F2
(
∂A
∂θ
6= 0
)
be a
generalized Berwald space is that
∂A
∂θ
be a function of A.
Exercise 1. Prove the converse of Wagner’s theorem.
3. The averaging method
Let ∇ be a linear connection on the base manifold M of dimension 2 and suppose that the
parallel transports preserve the Finslerian length of tangent vectors (compatibility condition).
By the fundamental result of the theory [15] such a linear connection must be metrical with
respect to the averaged Riemannian metric given by integration of the Riemann-Finsler metric
on the indicatrix hypersurfaces; see Theorem 1. Therefore it is uniquely determined by its
torsion tensor of the form
(55) T (X, Y ) = ρ(X)Y − ρ(Y )X ;
see Formula 1. The idea of the comparison of ∇ with the Le´vi-Civita connection ∇∗ associ-
ated with the averaged Riemannian metric (9) was used to solve the problem of the intrinsic
characterization of the semi-symmetric compatible linear connections for both low and higher
dimensional spaces. The solution is the expression of the 1 - form ρ in terms of metrics and
differential forms given by averaging. For the details see [16], [18], [19] and [20].
3.1. The divergence representation of the Gauss curvature. Let a point p ∈M be given
and consider the orthogonal group with respect to the averaged Riemannian metric. It is clear
that the subgroup G ⊂ O(2) of the orthogonal transformations leaving the Finslerian indicatrix
invariant is finite unless the Finsler surface reduces to a Riemannian one; see also [21]. If ∇ is a
linear connection on the base manifold such that the parallel transports preserve the Finslerian
length of tangent vectors (compatibility condition) then Holp∇ ⊂ G is also finite for any p ∈M
and the curvature tensor of ∇ is zero. In what follows we are going to compute the relation
between the curvatures of ∇ and ∇∗. Taking vector fields with pairwise vanishing Lie brackets
on the neighbourhood U of the base manifold, the Christoffel process implies that
(56) γ(∇∗XY, Z) = γ(∇XY, Z) +
1
2
(γ(X, T (Y, Z)) + γ(Y, T (X,Z))− γ(Z, T (X, Y ))) ,
where ∇∗ denotes the Le´vi-Civita connection. If the torsion is of the form (55), then we have
that
∇∗XY = ∇XY + ρ(Y )X − γ(X, Y )ρ♯ ⇒ ∇XY = ∇∗XY − ρ(Y )X + γ(X, Y )ρ♯,(57)
where ρ♯ is the dual vector field of ρ defined by γ(ρ♯, X) = ρ(X). Consider the curvature tensor
R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ(58)
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of ∇. Substituting (57) into (58)
R(X, Y )Z = ∇X
(∇∗YZ − ρ(Z)Y + ρ♯γ(Z, Y ))−∇Y (∇∗XZ − ρ(Z)X + ρ♯γ(Z,X)) .
Some further direct computations show that
R(X, Y )Z = R∗(X, Y )Z+(
γ(X,Z)‖ρ♯‖2 − ρ(X)ρ(Z)− (∇∗Xρ) (Z)
)
Y + γ(Y, Z)∇∗Xρ♯ + γ(Y, Z)ρ(X)ρ♯+
(
(∇∗Y ρ) (Z) + ρ(Y )ρ(Z)− γ(Y, Z)‖ρ♯‖2
)
X − γ(X,Z)∇∗Y ρ♯ − γ(X,Z)ρ(Y )ρ♯.
Since the holonomy group of ∇ must be finite in case of a non-Riemannian generalized Berwald
surface we have that R(X, Y )Z = 0. Taking an orthonormal frame γ(X, Y ) = 0, γ(X,X) =
γ(Y, Y ) = 1 at the point of p ∈M it follows that
0 = γ(R∗(X, Y )Y,X) + ρ2(X) + ρ2(Y )− ‖ρ♯‖2 + γ (∇∗Xρ♯, X)+ (∇∗Y ρ) (Y ),
where ρ2(X) + ρ2(Y )− ‖ρ♯‖2 = 0 and
(∇∗Y ρ) (Y ) = Y ρ(Y )− ρ(∇∗Y Y ) = Y γ(ρ♯, Y )− ρ(∇∗Y Y ) = γ(∇∗Y ρ♯, Y ).
Therefore
(59) 0 = κ∗(p) + div∗ρ♯(p) ⇒ κ∗ = −div∗ρ♯,
where κ∗ is the Gauss curvature of the manifold with respect to the averaged Riemannian metric
and div∗ρ♯ := γ
(∇∗Xρ♯, X)+ γ (∇∗Y ρ♯, Y ) is the divergence operator. Equation (59) is called the
divergence representation of the Gauss curvature.
Corollary 3. A Riemannian surface admits a metric linear connection of zero curvature if and
only if its Gauss curvature can be represented as a divergence of a vector field.
Corollary 4. If M is a compact generalized Berwald surface without boundary then it must
have zero Euler characteristic.
Proof. Taking the integral of the divergence representation (59) we have the zero Euler
characteristic due to the Gauss-Bonnet theorem and the divergence theorem. 
Corollary 5. A two-dimensional Euclidean sphere could not carry Finslerian structures admit-
ting compatible linear connections.
Remark 1. Using the classification of orientable compact surfaces without boundary we can
also state that they could not carry Finslerian structures admitting compatible linear connections
except the case of genus 1.
3.2. Exact and closed Wagner manifolds. It is well-known that any Riemannian surface
is locally conformally flat by the (local) solution of the second order elliptic partial differential
equation ∆∗f = κ∗. Its Finslerian analogue is that any non-Riemannian Finsler surface is
locally conformal to a locally Minkowski manifold of dimension 2; a locally Minkowski manifold
is a Berwald manifold (torsion-free case, i.e. the compatible linear connection is ∇∗) such that
R∗ = 0. The solution of the so-called Matsumoto’s problem [16], see also [17], proves that the
statement is false in the non-Riemannian Finsler geometry.
Step 1 By Hashiguchi and Ichyjio’s classical theorem [7], see also [13] and [14], a Finsler manifold
is a conformally Berwald manifold if and only if there exists a semi-symmetric compatible
linear connection with an exact 1-form ρ in the torsion (55). Especially, it is the exterior
derivative of the logarithmic scale function α between the (conformally related, see [6])
Finslerian fundamental functions F˜ = eα◦πF up to a minus sign.
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Definition 4. Generalized Berwald manifolds admitting compatible semi-symmetric linear con-
nections with an exact 1-form ρ in the torsion (55) are called exact Wagner manifolds. Gener-
alized Berwald manifolds admitting compatible semi-symmetric linear connections with a closed
1-form ρ in the torsion (55) are called closed Wagner manifolds.
Step 2 The generalization of Hashiguchi and Ichyjio’s classical theorem for closed Wagner man-
ifolds is the statement that a Finsler manifold is a locally conformally Berwald manifold
if and only if it is a closed Wagner manifold. It is clear from the global version of the
theorem that any point of a closed Wagner manifold has a neighbourhood over which
it is conformally equivalent to a Berwald manifold, i.e. any closed Wagner manifold is
a locally conformally Berwald manifold. What about the converse? Suppose that we
have a locally conformally Berwald manifold. The exterior derivatives of the local scale
functions constitute a globally well-defined closed 1-form for the torsion (55) of a com-
patible linear connection if and only if they coincide on the intersections of overlapping
neighbourhoods. Since the conformal equivalence is transitive it follows that overlapping
neighbourhoods carry conformally equivalent Berwald metrics. The problem posed by
M. Matsumoto [9] in 2001 is that are there non-homothetic and non-Riemannian con-
formally equivalent Berwald spaces? It has been completely solved by [16] in 2005, see
also [17].
Theorem 4. [16], see also [17] The scale function between conformally equivalent Berwald
manifolds must be constant unless they are Riemannian.
Corollary 6. [16], see also [17] A Finsler manifold is a locally conformally Berwald manifold
if and only if it is a closed Wagner manifold.
Using Corollary 5 we have the following result.
Corollary 7. A two-dimensional Euclidean sphere could not carry non-Riemannian locally
conformally Berwald Finslerian structures. Especially, it can not be a locally conformally flat
non-Riemmanian Finsler manifold.
3.3. The case of the Euclidean plane. Consider the Euclidean plane R2 equipped with the
canonical inner product δij and let ρ = ρ1du
1 + ρ2du
2 be a 1-form. If X is a parallel vector field
with respect to ∇ along a curve c : [0, 1]→ R2, then, by formula (57),
(
X1
)
′
=
(
c1
)
′
ρc(X)−
((
c1
)
′
X1 +
(
c2
)
′
X2
)
ρ1 ◦ c,
(
X2
)
′
=
(
c2
)
′
ρc(X)−
((
c1
)
′
X1 +
(
c2
)
′
X2
)
ρ2 ◦ c,
where ρi = δikρk = ρi (i = 1, 2). Therefore(
X1
)
′
= X2
((
c1
)
′
ρ2 ◦ c−
(
c2
)
′
ρ1 ◦ c
)
and
(
X2
)
′
= X1
((
c2
)
′
ρ1 ◦ c−
(
c1
)
′
ρ2 ◦ c
)
.
If the divergence of ρ♯ vanishes (the curvature of the Euclidean plane is identically zero), then
the curl of its rotated vector field
ρ2
∂
∂u1
− ρ1 ∂
∂u2
is zero, i.e. we have a global solution (potential) of equations ρ2 =
∂f
∂u1
and ρ1 = − ∂f
∂u2
. There-
fore the differential equations of the parallel vector fields are
(
X1
)
′
= ϕ′X2 and
(
X2
)
′
= −ϕ′X1,
where ϕ = f ◦ c. Since ∇ is metrical
X(t) = r0
(
cos θ(t)
∂
∂u1
◦ c(t) + sin θ(t) ∂
∂u2
◦ c(t)
)
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with constant Euclidean norm r0, where θ
′(t) = −ϕ′(t) because of the parallelism. The general
form of a parallel vector field with respect to ∇ along the curve c : [0, 1]→ R2 is
X(t) = r0
(
cos (ϕ(t) + ϕ0)
∂
∂u1
◦ c(t)− sin (ϕ(t) + ϕ0) ∂
∂u2
◦ c(t)
)
.
It is clear that if c(0) = c(1), then X(0) = X(1), i.e. the holonomy group of ∇ contains only
the identity. Taking an arbitrary convex curve around the origin we can extend it by parallel
transports with respect to ∇ to the entire plane R2. Such a collection of indicatrices constitutes
a Finslerian metric function F with ∇ as the compatible linear connection.
3.3.1. An example. If ρ = u2du1 − u1du2 then f(u1, u2) = −1
2
((
u1
)2
+
(
u2
)2)
and the parallel
vector fields are of the form
X(t) = X1(t)
∂
∂u1
◦ c(t) +X2(t) ∂
∂u2
◦ c(t),
where
X1(t) = r0 cos
(
1
2
((
c1
)2
(t) +
(
c2
)2
(t)
)
+ ϕ0
)
,
X2(t) = −r0 sin
(
1
2
((
c1
)2
(t) +
(
c2
)2
(t)
)
+ ϕ0
)
.
Let the trifocal ellipse defined by
(60)
√
(u1 + 1)2 + (u2)2 +
√
(u1)2 + (u2)2 +
√
(u1 − 1)2 + (u2)2 = 4
be choosen as the indicatrix at the origin. The focal set contains the elements
−X0 := (−1, 0), 0, X0 := (1, 0).
The parallel translates of the trifocal ellipse (60) are given by the equations
(61)
√
(u1 +X1(t))2 + (u2 +X2(t))2+
√
(u1)2 + (u2)2+
√
(u1 −X1(t))2 + (u2 −X2(t))2 = 4,
where X is a parallel vector field along a curve c satisfying the initial conditions X1(0) = 1 and
X2(0) = 0. The focal set at the parameter t is −X(t), 0, X(t). Figure 1 shows the parallel
translates of the indicatrix along the radial direction c(t) = (t, t). In case of the radial direction
Figure 1. Parallel translation along the radial direction (from left to right)
the focal set of the translated trifocal ellipse at the parameter t is −X(t), 0,
X(t) = cos
(
t2
) ∂
∂u1 (t,t)
− sin (t2) ∂
∂u2 (t,t)
.
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Figure 2 shows the parallel translates of the indicatrix along the circle c(t) = (cos(t), sin(t)+1).
The focal set of the translated trifocal ellipse at the parameter t is −X(t), 0,
X(t) = cos (1 + sin(t))
∂
∂u1 (cos(t),1+sin(t))
− sin (1 + sin(t)) ∂
∂u2 (cos(t),1+sin(t))
.
Figure 2. Parallel translation along the circle (from left to right)
The induced generalized Berwald plane is not conformally flat. To present examples for
conformally flat generalized Berwald manifold it is sufficient and necessary to choose a closed
(and, consequently, exact) 1-form ρ.
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